I give a simple general prescription for computing the spectral functions of local operators in the Tomonaga-Luttinger model from the space-time correlation functions. The method is significantly simpler than directly transforming the space-time Greens function and allows a physical interpretation of the singularities encountered in the spectral function.
The Tomonaga-Luttinger model [1, 2] provides an fascinating example of a soluble model of an interacting Fermion problem with a non-Fermi liquid groundstate. The low energy eigenstates of the system consist of bosonic degrees of freedom representing collective modes of the Fermi surface [3] [4] [5] . There are no single particle, Fermionic, low energy eigenexcitations. Correspondingly the spectral functions of local operators in the model display unusual features including multiple singularities with non-trivial power laws. The properties of the single-electron spectral function were studied by Meden and Schönhammer [6] and Voit [7] by Fourier transforming the single-electron Greens function. This procedure is entirely correct; however, it is somewhat unintuitive and the results take on complicated form for the case of models with spin. I give here a prescription for calculating the spectral functions of local operators from the appropriate space-time Greens functions based on the observation that many of the complications encountered in the Fourier transforming of the relevant Greens functions arise from the fact that a general local operator in the Tomonaga-Luttinger model involves the creation of four distinct types of bosons and these complications are circumvented when the independent nature of the different boson types is considered.
Using forms suitable for the calculations of spectral functions in the low energy, long wavelength limit, the single electron creation (ψ † R or L (x)) and annihilation (ψ R or L (x)) operators, the local singlet (ψ R,↑ (x)ψ L,↓ (x)) and triplet (ψ R,↑ (x)ψ L,↑ (x)) pairing operators and
density wave operators can all expressed as sums of operators of the form [4, 5] :
where
where a † q,j creates a density wave excitation of the j type fermions of the non-interacting model:
The j index runs from one to four with with one corresponding to the left-moving, up-spin, two to right-moving, up-spin, three to left-moving down-spin and four to right moving down spin fermions. For the non-interacting Luttinger model (and in the low energy limit of the Tomonaga model [8] ) the a † q,j create eigenexcitations:
In the low energy limit of the interacting the Tomonaga-Luttinger model the eigenexcitations are linear combinations of the a † q,j
The original operators can then be expressed in terms of the new boson operators:
so that
where β −1 is the inverse of β.
The operator, Φ, is a product of operators coupling to the different species of bosons, resulting of in a product form for the asymptotic, space-time Greens function [4, 5, 9, 10] :
There is some ambiguity in the choice of β's required to diagonalize the Hamiltonian. The choice: β 1 or 2,i = β 1 or 2,i±2 and β 3 or 4,i = −β 1 or 2,i±2 is always possible and results in
and, for that case, c and s subscripts refer to charge (symmetric combination of up and down spin bosons) and spin (anti-symmetric combination of up and down spin bosons) bosons, respectively.
The analytic properties of G are quite complicated and Fourier transforming directly to find the spectral function is generically rather involved even numerically [6] [7] . However, on physical grounds one expects a significant simplification can be achieved if on recognizes that the form of G is a simple product resulting from the the fact that Φ was a product of independent operators. The spectral function of the product of operators of the form exp(i j γ j ζ † j (x)) should therefore be given by a convolution of the spectral functions of the individual operators:
The utility of this decomposition for the Tomonaga-Luttinger model results from the simple form of the spectral functions of the various parts of Φ. The spectral function for the operator exp(i j γ j ζ † j (x)) is given by:
where C(Λ) is a cutoff dependent constant and v j is the velocity of the type j bosons. 
where k is measured from k F . The singularity at the onset frequency arises because at that 
which has exactly the singularity at ω = v c k expected. In general a singularity in the above can occur for ω = v i k and the exponent of the singularity is always given by −1 − j =i p j .
Note that Eq. 21 gives the low energy, long wavelength spectral function for any local operator whose real space Green's function is given by Eq. 10, so the above formula gives The second drawback is that the real part of G(k, ω) is not obtained directly in this approach, but requires a further Hilbert transform of the spectral function. Since all of the physical information is encoded in ρ(k, ω), this is not that serious a problem, but for numerical applications where the real part of G is required it will be a significant disadvantage for this approach compared with methods based on direct Fourier transformation of the real space Green's function.
